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Type-IIB supersymmetric theories have an SL(2,Z) invariance, known as U-duality, which controls 
the non-perturbative behavior of the theory. Under SL(2,Z) the supercharges are doublets, implying 
that the bosonic charges would be singlets or triplets. However, among the bosonic charges there 
are doublet strings and doublet fivebranes which are in conflict with the doublet property of the 
supercharges. It is shown that the conflict is resolved by structure constants that depend on moduli, 
such as the tau parameter, which transform under the same SL(2,Z). The resulting superalgebra 
encodes the non-perturbative duality properties of the theory and is valid for any value of the string 
coupling constant. The usefulness of the formalism is illustrated by applying it to purely algebraic 
computations of the tension of (p,q) strings, and the mass and entropy of extremal blackholes 
constructed from D-l-branes and D-5-branes. In the latter case the non-perturbative coupling 
dependence of the BPS mass and renormalization is computed for the first time in this paper. 
It is further argued that the moduli dependence of the superalgebra provides hints for four more 
dimensions beyond ten, such that the superalgebra is embedded in a fundamental theory which 
would be covariant under SO(ll,3). An outline is given for a matrix theory in 14 dimensions that 
would be consistent with M(atrix) theory as well as with the above observations. 

PACS: 11.17.-fy, 02.40.-bm, 04.20.Jb 


I. EXTENDED TYPE-IIB SUPERSYMMETRY 
AND DUALITY 

Type-IIB supergravity and superstrings have two su¬ 
percharges Qaa = (Qa{i) 1 Qa{ 2 })■ The 16-component real 
spinors, a = 1, • • •, 16, have the same ten-dimensional 
chirality. They are both the 16 of SO(9,1). This is to 
be contrasted with type-IIA supercharges that are one 
16 and one 16 . In the perturbative formulation of super¬ 
strings, the transformation rules of the dynamical vari¬ 
ables are such that, the 32 real supercharges obey the 
unextended superalgebra 

{QaajQpb} = SabUafS (^) 

where is the momentum operator in ten dimensions, 
with /r = 0,1, • • •, 9. 

The discovery of duality symmetries led to a larger pic¬ 
ture in which strings are in interaction with D-p-branes 
0[|. In this case the superalgebra must have central ex¬ 
tensions. The dynamical details of the underlying theory 


are still being developed. However, independent of dy¬ 
namical details, there is a lot of information encoded in 
the superalgebra and we would like to take maximum 
advantage of this information. The fully generalized su¬ 
peralgebra of type-IIB in ten dimensions is 


{Qaa, Q/3h} — lap iPu^ab + ^n'^ab T ^u'^'ab) 




+ynin2-- ■M5 



_|__MlM2M3 f 
' lap ‘'/ilA‘2M3 


(zr^) 


ab 


( 2 ) 


where are 2x2 Pauli matrices. This superalgebra is 
meant to apply to any form of the theory, including the 
string approximation, or the low energy approximation 
in the form of IIB supergravity with all of its solitonic 
D-p-brane configurations. The extensions {e^,d^) corre¬ 
spond to elementary strings and D-1-strings respectively, 
t^i^ 2 Z ‘3 corresponds to 3-branes, and the self-dual tensors 


long time ago with a different physical emphasis §. A re- 
* An action of an open string interacting with zero branes examination of the approach in the context of modern ideas 
(particles) at its end points was suggested and studied a rnay be enlightening. 
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- ^/^iM 2 - /25 correspond to three types 

of self-dual 5-branes. 

Altogether there are 528 bosonic operators, including 
the “momentum” Other odd p-branes (p=-l,7,9) 
that can appear in type IIB theory are related to the same 
set of 528 bosons after dualizing them. Note that we have 
deliberately used the capital Pf^ in (|l|) and the low case Pf^ 
in (^. This is because the general relation between the 
two involve moduli parameters in the non-perturbative 
theory, as will be explained in the next section. This 
is why we used in quotes “momentum” in referring to 
Pfj,. For the same reasons we should refer to (e^,d^) as 
“strings” in quotes. The true momentum and strings 
are linear combinations of (p^,e^,c?^). 

We will find that, in the general theory of type-IIB, the 
relation between the two sets involves 6 functions of mod¬ 
uli that are Lorentz invariant in lOD. One of the moduli 
is the string coupling constant Qs related to the dilaton 
in the usual way. This will follow quite generally from 
the SL{2,Z)jj U-duality properties of the type-IIB the¬ 
ory. It will be demonstrated that in certain computations 
involving BPS sectors, only the usual complex modulus t 
enters in all expressions. Along the way we will discover 
that the r modulus together with at least one more real 
modulus is needed to achieve SL(2, Z) covariance of the 
superalgebra. We will show that this symmetry and the 
moduli can be interpreted as if there are 4 hidden dimen¬ 
sions with signature (2,2), and that three (six) moduli 
can be constructed from one (two) SO(2, 2) on shell vec- 
tor(s). 

It is of interest in the present paper to determine the 
general dependence of the 528 type-IIB bosons on the 
string coupling and other moduli in any general the¬ 
ory that includes all D-p-branes. Recall first the form of 
the superalgebra for elementary strings. In perturbative 
string theory, without the D-p-branes, ps —>■ 0, the only 
extensions in the superalgebra are the winding numbers 
of the string ^ So, for elementary strings, at 
( 7 s = 0, the algebra has the formf] 

Qpb} — 7a/3 {Pfi^ab + • (3) 


^ For an elementary string are the zero modes of the 

left/right movers. Usually is taken zero in uncompactified 
directions because of boundary conditions on closed or open 
strings. Its non-vanishing components along compactified di¬ 
mensions are determined by the geometry of compactification. 
For example, if the 9*^ dimension is compactified into a circle 
of radius Rg then Eg = nRg, where n is the quantized wind¬ 
ing number. In the general interacting case the boundary 
conditions can change for open strings and can become 
non-zero in all directions [^. Since we are aiming at cover¬ 
ing all possibilities, we will formally allow all components of 
Efj,. In can then be specialized to the physical situation un¬ 
der discussion. The same general remarks apply for all other 
elementary p-branes. 


If an elementary five-brane or elementary three brane is 
included in the free theory, then one may add the cor¬ 
responding extension that appears in ( ^) at = 0. In 
this paper the free limit will be taken as a boundary 
condition at ( 7 s = 0. As we have learned from past ex¬ 
perience, if one constructs an interacting action, ps yf 0, 
based on the superalgebra in eq.(|^) (e.g. type-IIB super¬ 
gravity or superstrings), then one finds out later, that for 
non-zero coupling and other non-zero moduli, the theory 
has non-perturbative solitons in the form of D-p-branes. 
When all p-branes are present the non-perturbative the¬ 
ory develops all the extensions in the superalgebra i), 
but with coefficients that depend on ps and the other 
moduli. It is our purpose here to find the general form 
of the dependence on the moduli by taking advantage 
of the SL(2, Z)jj U-duality properties of the type-IIB 
theory. Of course, the general superalgebra should be 
compatible with (^) but our interest is in determining 
the non-perturbative moduli dependence of the various 
terms. The form of the superalgebra that we will find 
at ( 7 s 0 through this reasoning is expected to be valid 

in any formulation of the theory that includes the D- 
p-branes in interaction with strings, and thus encodes a 
certain amount of non-perturbative information indepen¬ 
dent of detailed dynamics. 

It will be important to note the maximal symmetries 
of the general Wpe-IIB superalgebra (||). It was first 
pointed out in Q that in addition to lOD Lorentz sym¬ 
metry SO(9,1), there is an SL(2,i?)^ symmetry in the 
type-IIB superalgebra (^), including all extensions. Since 
the two supercharges are real they naturally form a dou¬ 
blet Qaa = {Qai,Qa 2 ) Under an SL(2,i?)^ transforma¬ 
tion on the index a = 1,2. In the symmetric product of 
the doublet there is a triplet and in the antisymmetric 
product there is a singlet of SL(2, R)^ . Hence the super¬ 
algebra is written covariantly as 

{Qaa, Qj3b} = (*T- 2 T ,)„6 ( 7^(73 + laT'"'"" 

+ (*'^2)a6 (4) 

where the triplet is associated with the adjoint rep¬ 
resentation of SL(2, R)g , with Pauli matrices = 
(—iT 2 , Ti, —Ta). These are related to the symmetric ma¬ 
trices iT 2 Ti = (l,r 3 ,ri). Hence the “momentum” and 
“strings” are members of the SL(2, R)g triplet 

pI = . (5) 

The self-dual 5-branes also form a similar triplet, while 
the three brane is a singlet. 

The specialized form in ( 0 ) is invariant under the sub¬ 
group SO(2) CSL(2, i?)^. The one in (^) is invariant 
under the even smaller discrete subgroup Z 2 CSO(2) 
CSL(2, R)g if any component of is non-zero (and 
transforms as under the ^ 2 )- On the other 

hand if the D-l-brane charge is turned on, the full triplet 
is available to provide a basis for the full SL(2, R)^ 
as in (^. 
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This symmetry has not received much attention so far. 
Is SL(2, R)g related in any way to the SL(2, Z)^ of U- 
duality Q? At first sight there seems to be no relation, 
because under U-duality the momentum is a singlet, 
while for SL(2, R)^ the “momentum” is a member 
of a triplet. Similarly, the elementary and D-1-strings 
are SL(2, Z)^ doublets, while the “strings” that appear 
above are members of a SL(2, R)^ triplet. This poses 
a puzzle as to what is the significance of the explicit 
SL(2, R)q that stares at us in the superalgebra? We 
will see later that by introducing moduli that transform 
under both SL(2, Z)jj and SL(2, R)^ the connection be¬ 
tween the two will be made. 

From another point of view SL(2, R)g has been con¬ 
nected to higher dimensions. In S-theory Q| 3 extra di¬ 
mensions beyond 10 were associated with SL(2, R)^ = 
SO(2,1), (spacelike 11th &13th and timelike 12th), but 
more recently in ^ it was understood that SL(2, R)g 
is more properly associated with one of the SL(2, i?)’s 
embedded in SO(2, 2) =SL(2, i?)^ (g) SL(2, where 
( 2 , 2 ) corresponds to 2 timelike and two spacelike extra 
dimensions beyond 10 (spacelike 11th &13th and timelike 
12th & 14th). Indeed we will see that the SL(2, Z)ij that 
transforms the moduli is precisely the discrete part of the 
SL(2, i?)_B embedded in SO( 2 , 2 ), and that a full set of 
6 Lorentz invariant moduli, including the coupling con¬ 
stant, are related to two “on-shell” vectors of SO(2, 2). 

In most of the paper we will concentrate on the type- 
IIB sector, and study some non-perturbative proper¬ 
ties of the general theory by taking advantage of the 
SL(2, i?)^ <—!-SL(2, Z)^ connection. We will construct 
the non-perturbative type-IIB superalgebra with arbi¬ 
trary values of the coupling constant and other moduli, 
show that its non-perturbative duality properties under 
SL(2, Z)jj are related to its hidden dimensions SO(2, 2), 
and apply the superalgebra to the derivation of non- 
perturbative results in order to exhibit the utility and 
power of the approach. In particular, we will compute 
in a few steps the tension of {p, q) strings, and the mass 
spectrum and entropy of black holes constructed from 
D-l-branes and D-5-branes. 

The r modulus that appears in such formulas, together 
with others needed to achieve SL(2, Z) covariance, will 
be related to on shell momentum-like vectors in 4 dimen¬ 
sions, beyond the usual ten dimensions. This provides 
hints that in type-IIB supersymmetric theories there is a 
hidden 14 dimensional structure. More generally, it was 
claimed in that a unified theory that is at least ten¬ 
dimensional Lorentz covariant and is also covariant under 
type-IIA/IIB duality, is naturally a 14-dimensional the¬ 
ory with signature (11, 3), with 64 real supercharges. In 
this larger picture a constraint due to a gauge invariance 
restricts the theory to live only in the short represen¬ 
tation sectors of the 64 supercharges. This constraint 
is expressed as a 14D covariant BPS-like master equa¬ 
tion H . Dualities are naturally explained as symmetries 
of the master equation. For example, it was discovered 
in S-theory that type-IIA/IIB T-duality corresponds to 


flipping the 13th dimension with the 9th dimension QJ. 
More will be said on this bigger picture in the last section 
of the paper, where a general outline for a 14D matrix 
formulation that contains dynamics, and which is consis¬ 
tent with the M(atrix) model of |7], will be presented. 

Finally, we remark that the methods of this paper can 
be extended to U-duality covariant superalgebras in di¬ 
mensions lower than ten, in particular to fV = 2 in four 
dimensions, but this will not be pursued in the present 
paper. 


II. MODULI, SL(2,Z) AND 14D 
A. Hints from supergravity 


The uniqueness of supergravity theories is established 
on the basis of local supersymmetry. Accordingly, any 
type-IIB supersymmetric theory in 10 dimensions that 
contains the graviton, has type IIB supergravity as its 
low energy limit in the massless sector. The massless 
spectrum of the superstring contains the type-IIB super¬ 
gravity supermultiplet consisting of the graviton 5 ^,^, two 
gravitinos two 2 -index antisymmetric tensors 
one self-dual 4-index antisymmetric tensor two 

fermions x“, and two scalars. The two scalars, identified 
as the dilaton (j) and the axion a, are combined into the 
complex scalar field t = a + ie~^. In the interacting su¬ 
pergravity theory, which corresponds to the low energy 
limit of the interacting superstring theory, one notices 
that there is an SL(2,i?)[/ symmetry. Under SL(2,i?)j/ 
the bosons transform as follows: are singlets, 

form a doublet acting on the index a = 1 , 2 , and the 
scalars undergo the fractional non-linear Mobius trans¬ 
formation 


or 


To = 


CT + d’ 


9 = 


a b 
c d 


G SL{2,R)u. 


( 6 ) 


This may be understood by taking the scalars to belong 
to the coset SL{2, R)u/SO{2). 

The fermions 1 {xi,xi) transform linearly 

like doublets under an induced gauged compact subgroup 
SO(2) cSL(2,i?) 

(”*(/)., ""<(>) eso(2). (7) 

y —sin (A) cos (A) J ' ' ^ ' 


* This is easy to see this by ignoring the 14th dimension as in 
. When compactified to 9 dimensions the type-IIA super¬ 
algebra with all 528 extensions has an SO(2,1)^ acting on the 
dimensions (9‘^ ,11*^,12 *^)a, while the type-IIB superalgebra 
has the SO(2,1)^ acting on the dimensions (13*^,ll*^,12*^)s. 
The 13 *'“flip is T-duality that maps these two into each 
other. 
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The local gauge parameter of the transformation A (x) 
depends on the global parameters g gSL(2, R)u as well 
as on the local scalar fields r (x) . Thus, the fermions 
feel the full SL(2, R)u transformation in the combination 
A{g,T{x)) that involves the scalar fields non-linearly. 

The fermions are in one to one correspondence with 
the supercharges {Qa,Qa)- Therefore the supercharges 
must also transform as a doublet under the global part 
of SO(2), with a constant parameter A{g,T), where r, 
called the modulus, is the constant part of t(x). This 
modulus is related to the string coupling constant gs , and 
in lowest order perturbative regime it takes the form 


It transforms precisely as in (||). Thus, the supercharges 
of supergravity feel the global SL(2,i?)y in the form of 
an induced subgroup SO(2) that depends on the string 
coupling constant. This is preciseW the SO(2) symmetry 
of the perturbative superalgebra (Q) discussed in the pre¬ 
vious section. Evidently this 80(2)^;.^^ subgroup is in 
the non-perturbative SL(2, R)g as seen in the previous 
section 

SO{2)^ = SOi2)^cSL{2,R)^. (9) 

This provides a hint for how to connect SL(2, R)jj and 
SL(2,i?)5. 

In non-perturbative supergravity non-perturbative 
solitonic configurations of the fields are permitted. To de¬ 
scribe these field configurations one must add more mod¬ 
uli (constants) corresponding to the boundary behavior 
of the fields that are different in the perturbative versus 
the non-perturbative theory. Effectively one introduces 
additional degrees of freedom through the “back door”, 
as compared to the perturbative theory. The effect on 
the superalgebra of the presence of the non-perturbative 
moduli is to turn on central extensions, and hence change 
the supersymmetry properties of the theory in the non- 
perturbative regimes. The theory is no longer the same, 
and the supersymmetry transformation rules of the ef¬ 
fective degrees of freedom must be a “new supersymme¬ 
try” transformation rule, so that the closure includes the 
central extensions. The extra charges together with com- 
pactified components of the momentum form multiplets 
under the so called U-duality transformations. Hence 
the momentum as well as the supercharges cannot be 
immune to the SL(2, R)ij transformations. This begins 
to smell like the SL(2, R)^ ^ SL(2, R)jj symmetry. But 
there seems to be conflicts in the transformation prop¬ 
erties under SL(2,i?)g versus SL(2, as described in 
the previous section. The resolution of these conflicts in¬ 
volve the moduli and their transformation properties as 
described below. 


B. Moduli dependent superalgebra 

The discussion above indicates that the nonperturba- 
tive supercharges and their superalgebra depend gener¬ 
ally on the moduli. This must be true since they trans¬ 
form with the S0(2)y^^ whose parameters depend on 
moduli. One of the moduli is the r modulus (H) and 
we will see that generally there are more. To emphasize 
this property we will write Qaa (k) where {k} is a set 
of moduli. Since there is already dependence on moduli, 
is convenient to choose a new basis for the Qaa (k) such 
that the basis is related to the old one with moduli depen¬ 
dent coefficients. The coefficients can be taken as func¬ 
tions of the coset SL(2, R) /SO (2) such that the Qaa («) 
transform linearly under SL(2, R) =SL(2, R)jj^g ■ That 
is, the modulus dependent SO(2) transformation is com¬ 
pensated by the coefficients so that Qaa («) transforms 
with modulus independent g gSL(2, K) . One can go back 
and forth between the two bases, so it will be convenient 
to use the SL(2, i?) covariant basis rather than the one 
that transforms under the non-linear SO(2). Similarly, 
the operators that appear in the general superalgebra (Q) 
must be allowed to depend on the moduli, and be con¬ 
sistent with the new basis. Hence in i) one has p/ (k) , 
(^) triplets and singlets 

of the linear SL(2, i?). 

We will now determine the moduli k on the basis of 
their SL(2,i?) properties. They are Lorentz invariant in 
10 dimensions, but they transform non-trivially n ^ Kg 
under g €SL(2,ii). In particular t ^ Tg must be given 
by (^). In the new basis SL(2,i?)j^ transformations are 
equivalent to applying SL(2, R)^ transformations (in¬ 
stead of SO(2)) on the doublet indices a on Qaa («) or 
triplet indices i on p/ (k), (k). That is, 

Qaa (^) ^ Qaai^f^g] — Pa Qabi^^^i (^0) 

^PU'^g) = T"j{g) pj,(K), etc. 

where T^j{g) is the triplet representation of p S 
SL (2, R). Under these transformations we must seek a 
moduli independent momentum operator Pg that is a sin¬ 
glet of SL(2,i?)y^^. Furthermore, one knows that the 
SL(2, doublet of supergravity fields H/j, must couple 
to a doublet of strings, the so called (p, q) strings [|^. So 
we must also seek a doublet of vectors IU“ = {Eg,Dg) 
representing the elementary string (NS-NS sector) and 
the D-1-string (R-R sector). The three vectors p/ (k) 
that appear in the superalgebra must be a combination 
of the moduli independent singlet and doublet vectors 
Pg,Wg with coefficients that depend on the moduli k. 
Hence we must have 

p;,{K)=PgP{K)+eabW^X^^{K) ( 11 ) 

where we have used the Levi-Civita symbol Eab to com¬ 
bine doublet indices into a singlet. We have introduced 
3-|-3x2 = 9 functions u® (k) , (k), but to define the 
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normalizations of we must normalize the func¬ 

tions correctly. Thus we must find 9-3=6 constructed 
from moduli. Consistency of the transformation proper¬ 
ties ( 0 ) demand that these functions satisfy 

= T){g) (k) , = T){g) g\ (k) . 

( 12 ) 


Then is a singlet and is a doublet as desired 

^ K ^ (13) 

It is convenient to rewrite the functions u* (k) , (k) 

by converting the vector index i into a pair of sym¬ 
metrized spinor indices, therefore we define the 9 func¬ 
tions Gab,^^ 

Gab {k) = (k) , 0^^ (k) = (irarO^f, A“ (k) , 

(14) 


where the ab indices are symmetric. The transformation 
laws (|^ are equivalent to 

Gab{Kg) = {9G{K)g'^)^^, (15) 

Gibing) =g‘=d{g0‘^{K)g^)^^. 

In terms of these the general superalgebra (§,^ takes the 
form 


{Qaa,Ql3b} — 7^/3 {PgGab + £abW^ 


ui/i2'"A‘5 

’OLjS 


■■■P5 ^ah 


(^Ib 


(16) 


M1M2M3 rp 

ia(3 


EabN {k) 


where, like the 1 -branes, we have rewritten the three self¬ 
dual five branes in terms of a singlet and a 

doublet by introducing 9 functions G, 9 that have 

identical transformation properties to those of G, 9. We 
have also introduced an overall normalization function 
N (k) in front of the 3-brane This function is a 

scalar under SL(2, R) transformations N {k) ^ N (Kg). 
We have taken the pairs G, 9 and G, 9 to be different 
in general, but they may be the same depending on the 
details of the theory. Similarly N (k) may be just a con¬ 
stant. 

In this way we have shifted all the moduli dependence 
on the coefficients G, 9, G, 9, N and identified the vari¬ 
ous operators that are independent of the moduli. When 
SL(2,ii)j^ transformations are applied k ^ Kg it induces 
K-independent SL(2, R)g^jj transformations on the oper¬ 
ators, such that (P^, behave as singlets 

and ) behave as doublets. 


C. The functions 

Now, what are the functions that have these proper¬ 
ties? We will construct G, 0, and assume that in the 


simplest case G, 9 are the same except possibly for over¬ 
all factors similar to N. Introduce two 2x2 real ma¬ 
trices Aaa' (k) and Baa' (k) with determinants detA = 
1, detB = 1, and postulate that the moduli k transform 
such that these matrices transform only on the left side 
when K is replaced by Kg 

A(Kg)=gA(K), B(Kg)=gB(K), (17) 

Recall that after taking into account normalizations, 
taken together Gab (k) and 0 °^ (k) contain 6 independent 
functions of the moduli. On the other hand A, B taken 
together also have 6 independent functions of the moduli, 
so we may expect to construct the most general Gab («) 
and (k) in terms of A (k) and B (k) . We can now 
give the 9 functions that have the desired transformation 
properties 

GabiK) ={A1A'^)^^ , (18) 

9:, (k) = {Ar^A^)^^ Ba, + (Ar^A^)^^ P,, . 

Next we construct A,B for the general case. Each 2x2 
real matrix A, B that transforms only on the left as 
in ©) is really equivalent to the vector representation 
( 1 / 2 , 1 / 2 ) of SL{2,R)g®SL{2,R)g, =80(2,2), where 
SL(2,P)^, is not activated by the SL(2, R)a rr trans¬ 
formation of the moduli k —> Kg as seen in (|?^. There¬ 
fore A, B can be parametrized by two “on shell” vectors 

of 80(2,2) by expanding each matrix in a basis 
of Pauli matrices = (ri, iT 2 , T 3 ,1), i.e. 


Bab' = P™ {Tm)ab' : det P = p"* = 1, (19) 

where the signature rimn = (+, —, +, —) ■ 8 imilar expres¬ 
sions hold for A (u). The moduli u™ and p™ are generally 
independent, but they could be related to each other in 
a special corners of the theory. In particular, in the su¬ 
pergravity limit they are probably related since there is 
only a single r modulus in that case. In this paper we 
will show that for computations in BPS sectors A (rt) dis¬ 
appears, so we will not need to know any of the possible 
relations between the and p™ moduli. Furthermore, 
for BPS sectors, only one combination of the p™ corre¬ 
sponding to the T will survive, but the remaining com¬ 
ponents must appear in more general computations. We 
will next see how the r modulus is embedded in 80(2, 2 ). 

Following the ideas of S-theory Q it is tempting to 
interpret the index m as corresponding to two timelike 
and two spacelike dimensions beyond the lOD. Hence, 
we will label m = 11,12,13,14. The explicit matrices are 
expressed in terms of the lightcone type combinations of 
the components of p™ 


B = 


p¥-ph^ pI^-pI^ 


( 20 ) 


According to SL(2, R)jj transformations of eq. ( 0 ) each 
column of this matrix transforms as a doublet. The same 
holds for the two columns of A (v). We may now define 
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the T modulus in terms of these. Define a complex dou¬ 
blet by combining the two columns of B 


( ^^ \ = ( ~ * (P” +P2^) \ 

\^2 ) V (P“ - P2^) - * Ip2^ - P 2 B ) 


( 21 ) 


The ratio r = Zijz 2 undergoes the Mobius transforma¬ 
tion given in eq.(|^. Note that the determinant (or “on 
shell”) condition for B is equivalent to Im (ziz^) = 1, or 
to Im (t) = |z 2 | ) which requires r to be in the upper 

half plane. Thus, the complex modulus r plus the phase 
of Z 2 are 3 moduli equivalent to the matrix B. We can 
write 


z\ 

Z2. 



and 


( 22 ) 


B (r, (/)) 



Thus, the moduli correspond to an SO(2,2) vector p™ 
that takes various values as a function of the coupling 
constant gs and other moduli, while maintaining the 
SO(2, 2) “on shell” constraint P2 ■ P2 = 1 - 

A similar statement can be made about A. From the 
structure of (p^ ) it is evident that A corresponds to an 
SL(2,i?) freedom for changing the basis labelled by a in 
Qaa (k) ■ This is related to the freedom of choosing the 
basis, as discussed in the beginning of section 2b. This 
freedom can be used to relate the u"* and p"* moduli 
or keep them independent depending on the particular 
corner of the theory that one may wish to explore. For 
example, one may relate the heterotic sector to the IIB 
theory by adjusting the u™ moduli relative to p™ moduli 
and taking appropriate limits so that the heterotic su¬ 
peralgebra emerges from the type-IIB superalgebra dis¬ 
cussed above. 

For general values of the moduli we have obtained the 
non-perturbative form of the superalgebra (p^. In ad¬ 
dition we have gained the following perspective: The 
R)jj_g transformations are a subset of Lorentz 
transformations in the (2, 2) space of the extra dimen¬ 
sions. Lorentz transformations are equivalent to making 
the K ^ Kg transformations on the moduli, including 


|(cr + d)|- 


(24) 


in addition to and similarly for the moduli that 
parametrize A. Rewriting the moduli in terms of the 
components of the SO(2,2) vectors brings out the 14D 
structure of the theory 


{p\^+pf)-i{pl^+pf) 

^ (pl2-pll)-*(pl4-pl3) 

tan^ = {pI^ - pf)l{pl^ - pI^). 


Up to now we have referred to continuous transforma¬ 
tions g G SL(2,i?), such as those that occur in (l^psl). 
Recall that g also acts on the doublet IU“. These opera¬ 
tors have discrete eigenvalues (the winding numbers) in 
the compactified dimensions. Since the SL(2) transfor¬ 
mation acts on a space of quantized eigenvalues only the 
discrete subgroup SL(2,Z) remains as a symmetry in the 
compactified theory. 

It is worth asking the question if our construction has 
any relation to F-theory We do not know the an¬ 
swer, but one should note that instead of defining a torus 
(which involved a worrisome analytic continuation in F- 
theory), we have introduced SO(2,2) and noticed four 
hidden dimensions rather than two. It may be interest¬ 
ing to review F-theory constructions to see if they can be 
reinterpreted in terms of a 14 dimensional formalism. 


III. NONPERTURBATIVE COMPUTATIONS 

Certain properties of non-perturbative BPS states can 
be computed algebraically by using the property that a 
BPS state corresponds to a short representation of the 
superalgebra. In a short representation a subset of su¬ 
pergenerators must vanish. If the superalgebra has the 
form 


{Qaa: Q/db} — (^^) 

then in a short representation Saa,i 3 b must have zero 
eigenvalues. This implies that the determinant is zero 

det {S^a,pb) = 0. (27) 

This is a constraint that involves the momentum, the 
various bosonic charges and the moduli. It must hold at 
any coupling since it is a purely algebraic property. Hence 
all solutions of the determinant equation correspond to 
non-perturbative results in the theory. 

The determinant is invariant under similarity trans¬ 
formations. If G, 0 are assumed to be proportional to 
G, 9, then the moduli A (u) can be removed by a sim¬ 
ilarity transformation consisting of the 32x32 matrix 
I 16 Cl A{u). Hence the moduli rt™ do not contribute in 
the BPS sector, and the matrix A that appears in (|T^ ) 
can be effectively gauge fixed to A = 1 in this sector. 

In addition, one can make further orthogonal trans¬ 
formations on Saa,i 3 b of the form lie C 72 which do not 
change the gauge fixed value of A = 1, since T 2 IT 2 = 1. 
These are given by T 2 = exp (ir^a), and they mix 
with . Then a can be chosen to remove the modulus (j) 
from the expressions in ( |l8|) provided we are in the BPS 
sector. There remains only the complex modulus r as the 
only gauge independent parameter in the BPS sector. 

These last two paragraphs explain why r appears as 
the only nonperturbative parameter in the following BPS 
calculations, although we will include the most general 
form, including </>, A (u) without choosing the gauges 
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above. In non-BPS sectors one does not have the gauge 
freedom described above, so at least the (j) modulus must 
play a role in the general sector. In addition the 
moduli are probably important in general. Understand¬ 
ing their role may shed light on 14 dimensions. 


A. Tension of (qi,q 2 ) Strings 

The {qi,q 2 ) strings are strings that carry qi units of 
NS-NS winding numbers and q 2 units of R-R winding 
numbers, for qi,q 2 relatively prime integers. They occur 
as BPS states when the 9th dimension is compactified 
on a circle of radius Rg. To compute the string ten¬ 
sion we set to zero all 5-branes - = 0 and 

3-branes = 0, and keep only the Kaluza-Klein 

momentum Pg = n/Rg, and the 9th components of the 
two strings Wg = rrPRg which represent the winding 
numbers = {mi, mg) of the NS-NS and R-R strings 
(or elementary string and D-1-string). The momentum 
in 9-dimensions is also present, but using the 9D 
Lorentz symmetry, the momentum can be taken at rest 
Pfi = {m, o'j . On such states the superalgebra takes the 
form 

Saa,(}b = 7a/3 MGab + 7a/3 {P^Gab + WgO'^i, — WgOh,) 

(28) 

where we insert the general expressions of ([T^). Recall 
that 7 ° = li 6 in the Weyl sector. For convenience we 
may choose a diagonal 7 ® = (T 3 (g) Ig. In computing the 
determinant, A (u) drops out since it has the form of a 
similarity transformation. Then one can replace G 1, 
9“^ B^^ti + 9^ B^^ti + B^^ts and compute 

the determinant easily 


strings with 1/4 supersymmetry. In general the inte¬ 
gers {mi,m 2 ) are not relatively prime. Factoring out 
the largest common factor 

{mi,m2) =m{qi,q2), (32) 


one obtains 


\ti\ 

Mbps = \m\ Tq^,q2, 

Uq 

Tqi,q2 ( t ") = \f<f<i%Rj)- ( 33 ) 

where qi,q 2 are relatively prime. is interpreted 

as the tension of the ( 91 ,( 72 ) string at any coupling r 
in agreement with 0 - In particular the NS-NS string 
9 “ = (1, 0) and R-R string 9 “ = (0,1) have tensions 


^ 1,0 = 


VIr 


To,I = 


vTi: 


(34) 


By comparing to (||) we see that in the weak coupling 
limit y/luiT g~^. So that the mass of the R-R string 
9 “ = ( 0 , 1 ) goes to infinity and decouples from the per¬ 
turbative theory. By contrast, at strong coupling, the 
NS-NS string 9 “ = (1,0) becomes infinitely massive and 
decouples. These two limits are interchanged by S dual¬ 
ity, which is an element of SL(2, Z). 

Under SL(2, Z) the quanta transform as a doublet 
and T transforms under Mobius transformations as in §), 
while the mass formula or the tension remains invariant. 
This invariance was built in the superalgebra, so it is no 
surprise that it is present in the mass formula derived 
through an SL(2, Z) covariant procedure. By obtaining 
this well known result from the nonperturbative superal¬ 
gebra we have illustrated that the algebra encodes useful 
information. 


det 


{M + Pgf - 


X 


{M-Pg)^ 


Wg^{B-^^B-^)^^W^ 

-W,^{B-^^B-^)^^W^' 


(29) 


For generic values of Pg, Wg there are four distinct eigen¬ 
values where the determinant vanishes. The BPS mass 
corresponds to the largest eigenvalue, because the anti¬ 
commutator of each of the 32 supercharges must be either 
positive or zero. Thus, 


Mbps = ^ + RgJm^m^gab {t), 

Kq V 

where 

gab{r) ={B-^^B-^)^^, 

1 -Rer\ 
Imr \ - Rer [rf J 


(30) 


(31) 


For generic n, m“, the multiplicity of the zero is 8 , 
therefore 8 supercharges vanish, giving a BPS space of 


B. Mass and Entropy of BPS Extremal Black holes 

Consider supergravity as the low energy limit of any 
type-IIB theory (superstring, M-theory, etc.). It is known 
that in supergravity there are black hole solutions. At 
space infinity, far away from the black hole, the field con¬ 
figurations for these solutions are proportional to p-brane 
charges. These charges that define the black hole state 
are the ones that appear in the superalgebra as central 
extensions. It is known that the extremal black holes 
are BPS states, therefore many of their properties, such 
as masses, can be determined by algebraic means. In 
particular, it is known that the area of the horizon of the 
extremal black hole, which is proportional to the entropy, 
is given as a U-duality invariant expression constructed 
from the central extensions of the superalgebra 0- We 
can therefore apply a purely algebraic approach to com¬ 
pute the mass and entropy of supersymmetric extremal 
black holes. With our formalism we can compute these 
quantities at any value of the coupling. 
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As an example we consider a popular black hole con¬ 
figuration in 5-dimensions that is constructed from Qi 
D-l-branes and Q 5 D-5-branes. It has the following three 
charges Kaluza-Klein momentum Pg = n/Rg, string 
winding Wg = QiRg^ D-5-brane winding Aigg^gg = 
Q^RgV^^. Here n,Qi,Qz are quantized integers of any 
sign (brane/anti-brane etc.), Rg is the radius of the cir¬ 
cle for the 9th compactified dimension, and i?gV 4 is the 
volume of the D-5 brane. There is also a momentum in 
5-dimensions which is taken at rest = ^M, 0^ , with 
M positive. All other extensions in the superalgebra are 
set to zero for this black hole state. The non-perturbative 
superalgebra takes the form 


So.a,pi> = { 1 % M + ^%Pg) Gab - 9^^^ (35) 

_.^56789 ^-(2) ^(1) 

la/B ^ 56789 ' 

As in the previous subsection A drops out in the com¬ 
putation of the determinant, so we may replace G 1 , 
9^ -|- By making similarity transforma¬ 

tions which do not change the determinant of S, one can 
choose a new basis for the r matrices such that 9^ is 
diagonalized in the new form 


^3^(511)2 + (H12)2 


= 7-3 


VTt 


( 36 ) 


Recall that in the Weyl basis 7 ° = lie, furthermore 7 ® 
and 75 ®'^®^ commute with each other. So one may use 
the following 16 x 16 diagonal matrices to represent them 

7® = I4 (g) 0-3 0 I2, 7^®”^®® = I4 (g) I2 0 CT3. ( 37 ) 


Q for the special values Rer = 0 and Vimr ~ l/gs 
valid at weak coupling. As demonstrated, it follows only 
from algebraic properties of the superalgebra, plus phys¬ 
ical insight into the meaning of the various parameters 
that characterize the quantum numbers of the black hole. 
Note that the non-perturbative tension of the D-1 brane 
is consistent with the previous subsection. 

The entropy of an extremal black hole in five dimen¬ 
sions is expressed generally by S' = A 5 / 4 G 5 = 
where G 5 is the Newton constant in 5 dimensions and Ag 
is the area of the black hole. This expression is given by 
the Egfi cubic invariant /s constructed from the central 
extensions 0 @ 11 ] 

i^ = GTr (znznzn) , ( 39 ) 


where is the Sp( 8 ) invariant metric and Z contains the 
27 of Egfi in the form of an 8 x 8 antisymmetric matrix 
of central extensions which satisfies Tr(ZH) = 0. The 
factor G in front accounts for a renormalization of the 
central extensions, and it will be explained below. In our 
case the form of the central extension Z, in 10 dimen¬ 


sional units, is given by the matrix in ( 35) excluding the 
mass term. An 8 x 8 antisymmetric Z is formed by using 
the gamma matrices in (^), excluding the first factor 
I 4 (spinor space for the 5 dimensions) and replacing the 
diagonal as’s by antisymmetric ( 72 ’s. 


Z = 0-2 ® I2 <8 
—12 <g <72 


G Pg - (72 0 I 2 0 


(40) 


'(^^'^46789- 


The 8 x 8 antisymmetric fi orthogonal to Z is 11 = I 2 0 
(72 0 G“^. Then I 5 reduces to 

I 5 = 24G Tr P 9 W 4449 - ( 41 ) 


In this form the 32x32 matrix Saa,/ 3 b is diagonal. For 
generic M, Pg , Wg , Aigg^gg it has eight distinct eigenval¬ 
ues, each one being fourfold degenerate, indicating that 
this configuration has 4 zero supercharges if the mass 
M is chosen equal to the BPS mass. The relative signs 
must be chosen so that the BPS mass is the largest eigen¬ 
value, so that each of the 32 supercharges has a positive 
anticommutator. Therefore we obtain only positive con¬ 
tributions from each term 


Mbps = l^gj + ( 


IFc 


( 2 ) 


X, 


( 2 ) 

56789 


VIr 


= ^ + (IQl|+1^4|Q5|)^. (38) 

Tig vlmr 


Since the zero eigenvalue of Saa,i 3 b is fourfold, four su¬ 
percharges vanish. Therefore this BPS spectrum of black 
holes has 1/8 (=4/32) supersymmetry at generic values 
of 7 Z, Qb' 

This non-perturbative result, valid for all values of the 
coupling constant and moduli, is more general than oth¬ 
ers available in the literature. It is in agreement with 


This expression is simplified by using the property of the 
trace to eliminate the matrix A, thus substituting again 
G ^ I 2 and ^ B^^n + The result is 

2 ItI^ 

I 5 = 24G---PgV/TiQiQs = 71 Q 1 Q 5 , (42) 

Imr 


which gives the well known moduli independent entropy 
0 . provided 


G = 


Imr 

ASRgVilrf' 


(43) 


The factor G is non-trivial because we have expressed the 
central extensions in 10 dimensional units, as they appear 
in the lOD superalgebra, which is renormalized relative 
to the one in [Q ||^. Renormalization factors for 
the metric and fermions in 5D introduce a renormaliza¬ 
tion of the 5D supercharges, and hence of the central 
extensions. We have found that G has non-perturbative 
contributions. 

We have demonstrated the usefulness of the approach 
by deriving new non-perturbative results for the mass 
Mbps and for the factor G related to renormalization. 
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Many more new non-perturbative results can be de¬ 
rived for other physical states by following a similar pro¬ 
cedure for any p-brane configuration. Furthermore, since 
the superalgebra must be valid for matrix elements of 
scattering states, there must be various sum rules and re¬ 
lations among scattering amplitudes that can be derived 
algebraically by sandwiching the superalgebra between 
scattering states. The methods for obtaining such re¬ 
sults are similar to the current algebra techniques used in 
strong and weak interactions in the sixties. Such results 
will be valid non-perturbatively for any value of the cou¬ 
pling constant since the superalgebra is non-perturbative. 
It would be interesting to derive such relations in the fu¬ 
ture. 


IV. S-THEORY BASED ON MATRICES IN 14D 

Some very complicated arguments that yield non- 
perturbative results about the theory seem to rely on 
dynamics, but the results shown above, and many others, 
really depend on the properties of the superalgebra and 
would be the same in any model with the same extended 
supersymmetry. As advocated in the S-theory approach 
iQ, it is useful to recognize the general properties of the 
symmetry and distinguish the results that follow from it 
independently from the dynamics. Of course, dynamical 
realizations of the superalgebra provide greater insight 
into the physics. Using the general algebraic properties 
as a guide to construct the dynamics is bound to be fruit¬ 
ful. We will follow this route to suggest an outline for a 
dynamical model below. 

We sketch the basic elements of a new dynamical ma¬ 
trix construction ||^ that realizes the bigger picture com¬ 
patible with the general superalgebra. Although the em¬ 
phasis in this paper is not on this theory, a brief outline 
is included here in order to provide a perspective for a 
more concrete realization of the algebraic properties of 
S-theory discussed in this paper and elsewhere @ . 

Let us first recall the general algebraic picture that 
goes beyond the structures in the previous sections. It 
was claimed in Q that the unified theory that exhibits 
explicitly at least ten-dimensional Lorentz covariance and 
type-IIA/IIB duality, is naturally a 14-dimensional the¬ 
ory with signature (11,3), because it must be formu¬ 
lated in terms of 64 real supercharges. Supersymmetry 
in higher than 11 dimensions deviates substantially from 
the usual form. In 14D the general superalgebra, with 64 
real supercharges corresponding to the Weyl-Majorana 
spinor, is given by 

{Qc, Q/5} = (44) 

where is self dual. As discussed in (H , for the 

theory to have effectively only 32 real supercharges, a 
gauge symmetry must be built in such that it provides 
the constraint that this supersymmetry must live only in 
the short multiplet sectors. A fully 80(11,3) covariant 


equation that insures this property is the master equation 
(that should follow from a gauge invariance) 

det = 0. (45) 

As explained in |^, this BPS-like equation has fouij^main 
branches of solutions falling into sectors A, B, C, D char¬ 
acterized by the maximal isometries of their superalge¬ 
bras (if certain moduli are frozen, see |^) 


A 

SO {10,2)® SO {1,1), 


B 

SO {0,1)® so (2,2), 

(46) 

C 

SO {i,0)®SO (3,3), 


D 

SO {0,2)® SO (3,l)(g)S'0(l,l). 



Each branch has 32 real supercharges, and contains sub¬ 
branches with fewer supercharges. The branches labelled 
by A, B, when viewed from the point of view of 10 di¬ 
mensions, have precisely the maximally extended super¬ 
algebras of types-IIAjIlB in ten dimensions. The C, D- 
branches do not have lOD covariance but have 4D co- 
variance since they contain 80(3,1) as a subgroup, bub- 
branches with less supersymmetry, corresponding to het¬ 
erotic, type-I, and all compactifications, are all solutions 
of the same 14D master equation. The symmetries of 
the master equation (similarity transformations on the 
64x64 matrix in spinor space) permit transformations 
from one solution to another, and these correspond to 
dualities [|j. 

Now we present some initial ideas for building a dy¬ 
namical model compatible with the general algebraic pic¬ 
ture. It is based on an 80(11,3) covariant infinite di¬ 
mensional matrix model that borrows from the current 
ideas in matrix models for M-theory Q. buppose there 
is an action for a matrix model in 14 dimensions, with 14 
bosonic Hermitian matrices , /r = 1, • • •, 14, with sig¬ 
nature (11,3), and 64 fermionic Hermitian matrices 0“-, 
a = 1, • • •, 64, in the Weyl-Majorana spinor representa¬ 
tion of 80(11, 3). bince supersymmetry in higher than 11 
dimensions deviates substantially from the usual form, as 
seen in (Q), the 14D matrix action cannot closely resem¬ 
ble the reduced buper Yang Mills action in 10 dimensions. 
However, the superalgebra constructed from the matri¬ 
ces is expected to have extensions that are similar to the 
ones found in lOD matrix models. Namely, consider the 
form 


{Qa.Qfs} = 7 ^^' 




Tr{X^,X^M + -- 


(47) 


lafS 


1 




where the extensions constructed from matrices 


^ In Q the fourth branch was missed. 1 thank S. Yankielow- 
icz for pointing it out. 
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T)‘1A‘2M3 “ + ■ ■ ■ I 

(48) 

and similarly for are completely antisymmetric 

in the 14D Lorentz indices. 

By now it is known that infinite dimensional matrices 
can be chosen to correspond to any collection of p-branes, 
with several types of p-branes appearing simultaneously. 
In our case we require that their configurations obey the 
master equation described above. 

It is evident that all known p-brane solutions in lOD 
matrix models Q form a subset of solutions to our equa¬ 
tions since they can be embedded in 14D as in 1^. For 
example one can take 10 matrices as in [Q and 4 other 
constant matrices that point along constant orthogonal 
vectors embedded in SO(2, 2). The determinant condi¬ 
tion is a restriction on the constant vectors such 
that the solution for 7)11^2/23 > 
branches or sub-branches in (Em. 

This approach, which is compatible with other current 
ideas on matrix models, contains dynamics in a duality 
and Lorentz covariant formalism, while providing a con¬ 
crete realization of the algebraic properties of S-theory 
described in this paper and elsewhere I [|- The big¬ 
ger picture outlined here schematically will be explored 
elsewhere in greater detail |T^. 
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